Quasiopen and p-path open sets, and characterizations of quasicontinuity by Björn, Anders et al.
ar
X
iv
:1
50
9.
02
32
6v
1 
 [m
ath
.FA
]  
8 S
ep
 20
15
Quasiopen and p-path open sets, and
characterizations of quasicontinuity
Anders Bjo¨rn
Department of Mathematics, Linko¨ping University,
SE-581 83 Linko¨ping, Sweden; anders.bjorn@liu.se
Jana Bjo¨rn
Department of Mathematics, Linko¨ping University,
SE-581 83 Linko¨ping, Sweden; jana.bjorn@liu.se
Jan Maly´
Department of Mathematics, Faculty of Science, J. E. Purkyneˇ University,
Cˇeske´ mla´dezˇe 8, CZ-400 96 U´st´ı nad Labem, Czech Republic;
maly@karlin.mff.cuni.cz
Abstract. In this paper we give various characterizations of quasiopen sets and quasicon-
tinuous functions on metric spaces. For complete metric spaces equipped with a doubling
measure supporting a p-Poincare´ inequality we show that quasiopen and p-path open sets
coincide. Under the same assumptions we show that all Newton-Sobolev functions on
quasiopen sets are quasicontinuous.
Key words and phrases: Analytic set, characterization, doubling measure, fine potential
theory, metric space, Newtonian space, nonlinear potential theory, Poincare´ inequality,
p-path open, quasicontinuous, quasiopen, Sobolev space, Suslin set.
Mathematics Subject Classification (2010): Primary: 31E05; Secondary: 28A05, 30L99,
31C15, 31C40, 31C45, 46E35.
1. Introduction
When studying Sobolev spaces and potential theory on an open subset Ω of Rn (or
of a metric space), there are two natural Sobolev capacities one can consider. One
defined using the global Sobolev norm and the other one using the Sobolev norm
on Ω. When Ω is open, these two capacities are easily shown to have the same zero
sets. We shall show that the same holds also if Ω is only quasiopen, i.e. open up to
sets of arbitrarily small capacity, see Proposition 4.2 for the exact details.
To consider Sobolev spaces and capacities on nonopen sets is natural e.g. in fine
potential theory. Such studies were pursued on quasiopen sets inRn by Kilpela¨inen–
Maly´ [22], Latvala [24] and Maly´–Ziemer [25]. In the last two decades, several types
of Sobolev spaces have been introduced on general metric spaces by e.g. Cheeger [11],
Haj lasz [14] and Shanmugalingam [28]. Using this approach one just regards subsets
as metric spaces in their own right, with the metric and the measure inherited from
the underlying space. This makes it possible to define Sobolev type spaces on even
more general subsets.
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We shall use the Newtonian Sobolev spaces, which on open subsets of Rn are
known to coincide with the usual Sobolev spaces, see Theorem 4.5 in Shanmu-
galingam [28] and Theorem 7.13 in Haj lasz [14]. This equivalence is true also for
open subsets of weightedRn with p-admissible weights, p > 1, see Propositions A.12
and A.13 in [4]. See also Heinonen–Koskela–Shammugalingam–Tyson [19] for more
on Newtonian spaces.
It is well known that every equivalence class of the classical Sobolev spaces con-
tains better-than-usual, so-called quasicontinuous, representatives. In metric spaces
this is only known to hold under certain assumptions. Roughly speaking, quasicon-
tinuity means continuity outside sets of arbitrarily small capacity, see Definition 3.1.
The Sobolev capacity plays a central role when defining quasicontinuity, and there
are actually two types of quasicontinuity that one can consider on Ω, one for each
of the two capacities mentioned above. As far as we know this subtle distinction
has not been discussed in the literature. It is not difficult to show that these two
notions of quasicontinuity are equivalent if Ω is open, and examples show that for
general sets this is not true.
We shall show in Proposition 3.4 that the equivalence holds for functions defined
on quasiopen sets. The proof is more involved than for open sets, but still rather
elementary, and it holds in arbitrary metric spaces (only assuming that balls have
finite measure). In Proposition 3.3 we obtain a similar equivalence for two notions
of quasiopenness. These two results (and also Proposition 4.2) complement the
restriction result from Bjo¨rn–Bjo¨rn [5, Proposition 3.5], stating that if U ⊂ X is
p-path open and measurable, then the minimal p-weak upper gradients with respect
to X and U coincide in U . All these results show the equivalence between a global
property and the corresponding property localized to a quasiopen or p-path open
set.
It was shown by Shanmugalingam [29, Remark 3.5] that quasiopen sets in arbi-
trary metric spaces are p-path open, i.e. that p-almost every rectifiable curve meets
such a set in a relatively open 1-dimensional set. We shall show that under the usual
assumptions on the metric space (and in particular in Rn), the converse implication
is true as well. More precisely, we prove the following result.
Theorem 1.1. Assume that the metric space X equipped with a doubling measure
µ is complete and supports a p-Poincare´ inequality. Then every p-path open set in
X is quasiopen (and in particular measurable).
Under the same assumptions it was recently shown by Bjo¨rn–Bjo¨rn–Latvala [7,
Theorem 1.4] that a set is quasiopen if and only if it is a union of a finely open
set and a set with zero capacity, generalizing a similar result from Rn, see Adams–
Lewis [1, Proposition 3]. Thus we now have two characterizations of quasiopen
sets.
As a consequence of Theorem 1.1 we obtain the following characterization of
quasicontinuous functions.
Theorem 1.2. Assume that the metric space X equipped with a doubling measure
µ is complete and supports a p-Poincare´ inequality. Let U ⊂ X be quasiopen.
Then u : U → [−∞,∞] is quasicontinuous if and only if it is measurable and
finite q.e., and u ◦ γ is continuous for p-a.e. curve γ : [0, lγ ]→ U .
In Proposition 3.4, we also provide a characterization of quasicontinuity using
quasiopen sets in the spirit of Fuglede [13, Lemma 3.3]. In [7, Theorem 1.4] yet
another characterization of quasicontinuity was given, this time in terms of fine
continuity, see also [13, Lemma, p. 143].
Newtonian functions are defined more precisely than the usual Sobolev func-
tions (in the sense that the classes of representatives are narrower), and under the
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assumptions of Theorem 1.1, it was shown in Bjo¨rn–Bjo¨rn–Shanmugalingam [10]
that all Newtonian functions on X and on open subsets of X are quasicontinuous.
Moreover, the recent results in Ambrosio–Colombo–Di Marino [2] and Ambrosio–
Gigli–Savare´ [3] imply that the same holds if X is a complete doubling metric space
and 1 < p <∞.
Using the characterization in Theorem 1.2 we can extend the quasicontinuity
result from [10] to quasiopen sets as follows. See also Bjo¨rn–Bjo¨rn–Latvala [8] and
Remark 4.5.
Theorem 1.3. Assume that the metric space X equipped with a doubling measure
µ is complete and supports a p-Poincare´ inequality. Let U ⊂ X be quasiopen. Then
every function u ∈ N1,ploc (U) is quasicontinuous.
In the last section we weaken the assumptions in Theorem 1.1 and replace the
doubling property and the Poincare´ inequality by the requirement that bounded
Newtonian functions are quasicontinuous, which is a much weaker assumption. In
particular, we obtain the following result. In Section 5 we give a more general
version using coanalytic sets.
Theorem 1.4. Assume that X is complete, and that every bounded u ∈ N1,p(X)
is quasicontinuous. Then every Borel p-path open set U ⊂ X is quasiopen.
We also prove a similar modification of Theorem 1.2, see Proposition 5.1. Our
proofs of these generalized results (without doubling and Poincare´ assumptions) are
based on the following result which guarantees measurability of certain functions
defined by their upper gradients. It may be of independent interest, and generalizes
Corollary 1.10 from Ja¨rvenpa¨a¨–Ja¨rvenpa¨a¨–Rogovin–Rogovin–Shanmugalingam [20],
where a similar measurability result was proved in the singleton case X \U = {x0}.
Proposition 1.5. Assume that X is complete and separable, and that U is a co-
analytic set. For every Borel function ρ : X → [0,∞] define
uρ(x) = inf
γ∈Γx
∫
γ
ρ ds,
where Γx is the family of all rectifiable curves γ : [0, lγ ] → X (including constant
curves) such that γ(0) = x and γ(lγ) ∈ X \ U . Then uρ is measurable.
The paper is organized as follows. In Section 2 we recall the necessary back-
ground on Newtonian spaces. Section 3 deals with the two notions of quasicontinu-
ity. The results in that section are valid in arbitrary metric spaces. Theorems 1.1–
1.3 are proved in Section 4. In Section 5 some partial generalizations of the results
from Section 4 are proved without the Poincare´ and doubling assumptions. We also
formulate two open problems about Borel representatives of Newtonian functions.
Acknowledgement. The first two authors were supported by the Swedish Re-
search Council. Part of this research was done while J. B. visited the Charles
University in Prague in 2014; she thanks the Department of Mathematical Analysis
for support and hospitality.
2. Notation and preliminaries
We assume throughout this paper that 1 ≤ p < ∞ and that X = (X, d, µ) is a
metric space equipped with a metric d and a positive complete Borel measure µ
such that µ(B) <∞ for all open balls B ⊂ X .
A curve is a continuous mapping from an interval, and a rectifiable curve γ is
a curve with finite length lγ . We will only consider curves which are compact and
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rectifiable. Unless otherwise stated they will also be nonconstant and parameter-
ized by arc length ds. We follow Heinonen and Koskela [18] in introducing upper
gradients as follows (they called them very weak gradients).
Definition 2.1. A nonnegative Borel function g on X is an upper gradient of an
extended real-valued function f on X if for all nonconstant, compact and rectifiable
curves γ : [0, lγ ]→ X ,
|f(γ(0))− f(γ(lγ))| ≤
∫
γ
g ds, (2.1)
where we follow the convention that the left-hand side is ∞ whenever at least one
of the terms therein is infinite. If g is a nonnegative measurable function on X and
if (2.1) holds for p-almost every curve (see below), then g is a p-weak upper gradient
of f .
Here we say that a property holds for p-almost every curve if it fails only for
a curve family Γ with zero p-modulus, i.e. there exists 0 ≤ ρ ∈ Lp(X) such that∫
γ ρ ds =∞ for every curve γ ∈ Γ. Note that a p-weak upper gradient need not be
a Borel function, it is only required to be measurable.
The p-weak upper gradients were introduced in Koskela–MacManus [23]. It was
also shown there that if g ∈ Lp(X) is a p-weak upper gradient of f , then one can
find a sequence {gj}∞j=1 of upper gradients of f such that gj → g in Lp(X). If
f has an upper gradient in Lp(X), then it has a minimal p-weak upper gradient
gf ∈ Lp(X) in the sense that for every p-weak upper gradient g ∈ Lp(X) of f we
have gf ≤ g a.e., see Shanmugalingam [29] and Haj lasz [14]. The minimal p-weak
upper gradient is well defined up to a set of measure zero in the cone of nonnegative
functions in Lp(X). Following Shanmugalingam [28], we define a version of Sobolev
spaces on the metric measure space X .
Definition 2.2. Let for measurable f ,
‖f‖N1,p(X) =
(∫
X
|f |p dµ+ inf
g
∫
X
gp dµ
)1/p
,
where the infimum is taken over all upper gradients g of f . The Newtonian space
on X is
N1,p(X) = {f : ‖f‖N1,p(X) <∞}.
The space N1,p(X)/∼, where f ∼ h if and only if ‖f − h‖N1,p(X) = 0, is a
Banach space and a lattice, see Shanmugalingam [28]. In this paper we assume
that functions in N1,p(X) are defined everywhere, not just up to an equivalence
class in the corresponding function space. Nevertheless, we will still say that u˜ is a
representative of u if u˜ ∼ u.
Definition 2.3. The Sobolev capacity of an arbitrary set E ⊂ X is
Cp(E) = inf
u
‖u‖pN1,p(X),
where the infimum is taken over all u ∈ N1,p(X) such that u ≥ 1 on E.
The capacity is countably subadditive. A property holds quasieverywhere (q.e.)
if the set of points for which the property does not hold has capacity zero. The
capacity is the correct gauge for distinguishing between two Newtonian functions.
If u ∈ N1,p(X) and v is everywhere defined, then v ∼ u if and only if v = u q.e.
Moreover, Corollary 3.3 in Shanmugalingam [28] shows that if u, v ∈ N1,p(X) and
u = v a.e., then u = v q.e. In particular, u˜ is a representative of u if and only if
u˜ = u q.e.
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We thus see that the equivalence classes inN1,p(X)/∼ are more narrowly defined
than for the usual Sobolev spaces. In weighted Rn (with a p-admissible weight
and p > 1), N1,p(Rn)/∼ coincides with the refined Sobolev space as defined in
Heinonen–Kilpela¨inen–Martio [17, p. 96], see Bjo¨rn–Bjo¨rn [4, Appendix A.2].
For a measurable set U ⊂ X , the Newtonian space N1,p(U) is defined by con-
sidering (U, d|U , µ|U ) as a metric space in its own right. It comes naturally with the
intrinsic Sobolev capacity that we denote by CUp .
The measure µ is doubling if there exists a doubling constant C > 0 such that
for all balls B = B(x0, r) := {x ∈ X : d(x, x0) < r} in X ,
0 < µ(2B) ≤ Cµ(B) <∞,
where δB = B(x0, δr). A metric space with a doubling measure is proper (i.e. such
that closed and bounded subsets are compact) if and only if it is complete. See
Heinonen [16] for more on doubling measures.
We will also need the following definition.
Definition 2.4. The space X supports a p-Poincare´ inequality if there exist con-
stants C > 0 and λ ≥ 1 such that for all balls B ⊂ X , all integrable functions f on
X and all (p-weak) upper gradients g of f ,∫
B
|f − fB| dµ ≤ C diam(B)
(∫
λB
gp dµ
)1/p
,
where fB :=
∫
B
f dµ :=
∫
B
f dµ/µ(B).
See Bjo¨rn–Bjo¨rn [4] or Heinonen–Koskela–Shanmugalingam–Tyson [19] for fur-
ther discussion.
3. Quasicontinuity and quasiopen sets
We are now ready to define the two notions of quasicontinuity considered in this
paper. We let Cp denote the Sobolev capacity taken with respect to the underlying
space X and CUp will be the intrinsic Sobolev capacity taken with respect to U , i.e.
with X in Definition 2.3 replaced by U .
Definition 3.1. Let U ⊂ X be measurable. A function u : U → R := [−∞,∞]
is CUp -quasicontinuous (resp. Cp-quasicontinuous) if for every ε > 0 there is a
relatively open set G ⊂ U such that CUp (G) < ε (resp. an open set G ⊂ X such
that Cp(G) < ε) and such that u|U\G is finite and continuous.
This distinction was tacitly suppressed in Bjo¨rn–Bjo¨rn–Shanmugalingam [10],
Bjo¨rn–Bjo¨rn [4] and Bjo¨rn–Bjo¨rn–Latvala [6]–[8]. The first two deal only with qua-
sicontinuous functions on open sets, and in this case the two definitions are relatively
easily shown to be equivalent. In this note we show that the same equivalence holds
for quasiopen U (as considered in [6]–[8]); the proof of this is more involved, al-
though still rather elementary. The equivalence holds without any assumptions on
the metric space other than that the measure of balls should be finite.
Definition 3.2. A set U ⊂ X is quasiopen if for every ε > 0 there is an open set
G ⊂ X such that Cp(G) < ε and G ∪ U is open.
Quasiopen sets are measurable by Lemma 9.3 in Bjo¨rn–Bjo¨rn [5]. It is also
quite easy to see that every (CUp or Cp)-quasicontinuous function on a measurable
set (and thus in particular on a quasiopen set) is measurable.
The quasiopen sets do not (in general) form a topology. This is easily seen in
unweighted Rn with p ≤ n as all singleton sets are quasiopen, but not all sets are
quasiopen. We shall prove the following characterizations of quasiopen sets.
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Proposition 3.3. Let U ⊂ X be a quasiopen set and V ⊂ U . Then the following
statements are equivalent :
(a) V is quasiopen (in X);
(b) V is Cp-quasiopen in U , i.e. for every ε > 0 there is a relatively open set
G ⊂ U such that Cp(G) < ε and G ∪ V is relatively open in U ;
(c) V is CUp -quasiopen in U , i.e. for every ε > 0 there is a relatively open set
G ⊂ U such that CUp (G) < ε and G ∪ V is relatively open in U .
Even though the quasiopen sets do not (in general) form a topology, we still
have the characterization (iii) below of quasicontinuity using quasiopen sets.
Proposition 3.4. Let u : U → R be a function on a quasiopen set U ⊂ X. Then
the following statements are equivalent :
(i) u is CUp -quasicontinuous ;
(ii) u is Cp-quasicontinuous.
Moreover, if X is locally compact then these statements are equivalent to the fol-
lowing statement :
(iii) u is finite q.e. and the sets Uα := {x ∈ U : u(x) > α} and Vα := {x ∈ U :
u(x) < α}, α ∈ R, are quasiopen (in any of the equivalent senses (a), (b)
and (c) of Proposition 3.3).
Remark 3.5. The local compactness assumption is only needed when showing that
there is an open neighbourhood of {x : |u(x)| = ∞} with small capacity when
proving (iii) ⇒ (ii). In particular (i) ⇔ (ii) ⇔ (iii) holds without this assumption
for real-valued functions u : U → R.
Example 3.6. The equivalence between the two types of quasicontinuity does not
hold for arbitrary measurable subsets: To see this let e.g. U = (R \Q)2 as a subset
of (unweighted) R2 and u = χ[0,
√
2]2 . Then any relatively open set G ⊂ U such that
u|U\G is continuous must contain at least one point on each line {(x, y) : x = t}
for 0 < t <
√
2, t /∈ Q. It follows, by projection, that Cp(G) ≥ Cp(([0,
√
2] \
Q) × {0}) > 0 and thus u is not Cp-quasicontinuous. On the other hand, let
E = U ∩ (([0,√2] × {√2}) ∪ ({√2} × [0,√2])). Then u|U\E is continuous. Since
µ(E) = 0, the regularity of the measure shows that, for every ε > 0, there is a
relatively open subset G of U such that E ⊂ G and µ(G) < ε. As there are no
nonconstant curves in U , we have CUp (G) = µ(G), and thus u is C
U
p -quasicontinuous.
In Fuglede [13, Lemma 3.3], a characterization similar to (iii) was obtained
for general capacities on topological spaces. The definitions of quasiopen sets and
quasicontinuity therein differ however somewhat from ours. More precisely, in [13],
a set V is called quasiopen if for every ε > 0 there exists an open set Ω such that
the symmetric difference (V \Ω) ∪ (Ω \ V ) has capacity less than ε. If the capacity
is outer then this notion is easily shown to be equivalent to our definition, but in
general Fuglede’s definition allows for more quasiopen sets.
Similarly, in the definition of quasicontinuity in [13], it is not in general re-
quired that the removed exceptional set G be open (though for outer capacities
this can always be arranged) and continuity does not require finiteness. In other
words, Fuglede’s definition of quasicontinuity corresponds to the weak quasiconti-
nuity considered (on open sets) in Bjo¨rn–Bjo¨rn [4, Section 5.2], less the requirement
that continuous functions be finite. Fuglede’s notion of quasicontinuity is in [13,
Lemma 3.3] proved to be equivalent to the fact that the sets Uα and Vα, α ∈ R, in
Proposition 3.4 are quasiopen (in the sense of [13]).
Since our definitions do not exactly agree with those in [13], and moreover we
consider quasicontinuity and quasiopenness with respect to two different capacities
(Cp and C
U
p ) and two possible underlying spaces (X and U), we present here for
the reader’s convenience full proofs of these results.
Quasiopen and p-path open sets, and characterizations of quasicontinuity 7
The proof of Proposition 3.4 can be easily modified to show that on quasiopen
sets weak quasicontinuity is the same with respect to Cp and C
U
p .
Proof of Proposition 3.3. (a) ⇒ (b) For every ε > 0 there exists an open G ⊂ X
such that Cp(G) < ε and Ω := V ∪ G is open. Then G˜ := G ∩ U and Ω˜ := Ω ∩ U
are relatively open in U and Cp(G˜) < ε, i.e. (b) holds.
(b) ⇒ (c) This is straightforward, since CUp is majorized by Cp.
(c) ⇒ (a) We may assume that ∅ 6= U 6= X . Let ε > 0 be arbitrary. Since U is
quasiopen, there is an open setG such that Cp(G) < ε and such that Ω := U∪G 6= X
is open. Hence there is w ∈ N1,p(X) such that χG ≤ w ≤ 1 and ‖w‖pN1,p(X) < ε.
Using that V is CUp -quasiopen, we can find, for each j = 1, 2, ..., a relatively open
set Gj ⊂ U such that V ∪Gj is relatively open in U and CUp (Gj) < εj := 2−jj−pε.
There is thus vj ∈ N1,p(U) such that χGj ≤ vj ≤ 1 in U and ‖vj‖pN1,p(U) < εj .
Next, let x0 ∈ Ω,
Ωj = {x ∈ Ω : dist(x,X \ Ω) > 1/j and d(x, x0) < j}, j = 1, 2, ... ,
and ηj(x) = (1 − j dist(x,Ωj))+. (If Ωj = ∅ we let ηj ≡ 0.) Define the functions
ϕk =
min
{
1− w, max
1≤j≤k
vjηj
}
in U,
0, otherwise,
and ϕ = lim
k→∞
ϕk.
Then ϕk has bounded support and ϕk ∈ N1,p(U). Since
0 ≤ ϕk ≤ min{1− w, ηk} ∈ N1,p0 (U) := {f : f ∈ N1,p(X) and f = 0 outside U},
Lemma 2.37 in [4] implies that ϕk ∈ N1,p0 (U) ⊂ N1,p(X). Next,∫
X
ϕpk dµ ≤
k∑
j=1
∫
X
vpj dµ <
k∑
j=1
εj < ε. (3.1)
By Lemma 1.52 in [4], g := supk gϕk is a p-weak upper gradient of ϕ. For a.e. x ∈ U
we either have g = gϕk = gw or g = gϕk = gvjηj ≤ gvj + jvj for some j and k (see
[4, Theorem 2.15 and Corollary 2.21]). Hence∫
X
gp dµ ≤
∫
X
gpw dµ+
∞∑
j=1
2p−1
∫
U
(gpvj + j
pvpj ) dµ ≤ ε+
∞∑
j=1
2p−1jpεj < ε+ 2pε,
which together with (3.1) shows that ‖ϕ‖pN1,p(X) ≤ 2ε+ 2pε.
Next, set
H = G ∪
∞⋃
j=1
(Gj ∩ Ωj),
which is open by the choice of G as
⋃∞
j=1(Gj ∩ Ωj) is relatively open in U . Then
w + ϕ ≥ χH and hence
Cp(H) ≤ ‖w + ϕ‖pN1,p(X) ≤ 2p−1(‖w‖pN1,p(X) + ‖ϕ‖pN1,p(X)) ≤ 2p−1(3ε+ 2pε).
It remains to show that V ∪H is open in X . If x ∈ V , then x ∈ Ωk for some k, and
as V ∪Gk is relatively open in U (and thus G ∪ V ∪Gk is open in X), we can find
a ball Bx such that
x ∈ Bx ⊂ (G ∪ V ∪Gk) ∩ Ωk ⊂ V ∪G ∪ (Gk ∩ Ωk) ⊂ V ∪H.
For x ∈ H , we can instead choose x ∈ Bx ⊂ H ⊂ V ∪H .
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Proof of Proposition 3.4. (ii) ⇒ (i) This is straightforward, since CUp is majorized
by Cp.
(i) ⇒ (ii) We may assume that ∅ 6= U 6= X . Let ε > 0 be arbitrary. For each
j = 1, 2, ..., there is a relatively open set Gj ⊂ U such that CUp (Gj) < εj := 2−jj−pε
and such that u|U\Gj is finite and continuous in U .
Next construct the open sets G, H and Ωk, k = 1, 2, ..., as in the proof of
Proposition 3.3, (c) ⇒ (a). Then Cp(H) ≤ 2p−1(3ε+2pε). If x ∈ U \H , then there
is k such that x ∈ Ωk. Since u|U\Gk is finite and continuous at x, it thus follows
that u|U\H is finite and continuous at x. Hence u|U\H is finite and continuous, and
u is Cp-quasicontinuous.
Now assume that X is locally compact.
(ii) ⇒ (iii) Let ε > 0. Since U is quasiopen we can find an open set G such
that G ∪ U is open and Cp(G) < ε. As u is Cp-quasicontinuous, there is an open
set H ⊂ X such that Cp(H) < ε and u|U\H is continuous. Thus, for every α ∈ R,
Uα \H is relatively open in U \H . Hence Uα∪ (G∪H) is open and Cp(G∪H) < 2ε,
showing that Uα is quasiopen. That Vα is quasiopen follows similarly, whereas u is
finite q.e. by definition.
(iii) ⇒ (ii) Let ε > 0 and E = {x ∈ U : |u(x)| = ∞}. By assumption,
Cp(E) = 0 and thus there is an open set H ⊃ E such that Cp(H) < ε, by Proposi-
tion 1.4 in Bjo¨rn–Bjo¨rn–Shanmugalingam [10] and Proposition 4.7 in Bjo¨rn–Bjo¨rn–
Lehrba¨ck [9]. Next let {qj}∞j=1 be an enumeration of Q. By assumption there
are open Gj such that Uqj ∪ Gj and Vqj ∪ Gj are open and Cp(Gj) < 2−jε. Let
G = H ∪⋃∞j=1Gj , which is open and such that Cp(G) < 2ε. Moreover, Uqj \ G is
relatively open in U \G. For α ∈ R it follows that
Uα \G =
⋃
Q∋q>α
(Uq \G)
is relatively open in U \ G. Similarly Vα \G is relatively open in U \ G, and thus
u|U\G is finite and continuous.
Theorem 1.1 shows that under certain assumptions on X , p-path open sets are
quasiopen, and thus Propositions 3.3 and 3.4 hold for p-path open sets in that case.
In general, p-path open sets need not be measurable, see Example 4.6 below. It
would therefore be interesting to know if the conclusions of Propositions 3.3 and 3.4
hold for measurable p-path open sets U (or even measurable p-path almost open
sets U , see Bjo¨rn–Bjo¨rn [5]) without additional assumptions on X . In Section 5
some partial results are obtained for p-path open sets which are Borel. Note that
in the situation described in Example 4.6 below, the conclusions of Propositions 3.3
and 3.4 do hold for measurable p-path open sets.
4. p-path open and quasiopen sets
Definition 4.1. A set G ⊂ X is p-path open (in X) if for p-almost every curve
γ : [0, lγ ]→ X , the set γ−1(G) is (relatively) open in [0, lγ ].
The arguments proving Propositions 3.3 and 3.4 can also be used to show that
Cp and C
U
p have the same zero sets for quasiopen U . Using a different approach we
can obtain this more generally for p-path open sets.
Proposition 4.2. Let U be a measurable p-path open set and E ⊂ U . Then
Cp(E) = 0 if and only if C
U
p (E) = 0.
For open U this is well-known, see e.g. Lemma 2.24 in Bjo¨rn–Bjo¨rn [4].
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Proof. Assume that CUp (E) = 0. Proposition 1.48 in [4], applied with U as the
underlying space, implies that µ(E) = 0 and that p-almost every curve in U avoids
E. Since U is p-path open, it follows that also p-almost every curve in X avoids E
(see Lemma 3.3 in Bjo¨rn–Bjo¨rn–Latvala [8]). Thus, by Proposition 1.48 in [4] again
(this time with respect to X), Cp(E) = 0.
The converse implication is trivial.
The p-path open sets were introduced by Shanmugalingam [29, Remark 3.5]. It
was also shown there that every quasiopen set is p-path open. We are now going to
prove Theorem 1.1 which says that the converse is true under suitable assumptions
on X . In particular, this holds in Rn.
Proof of Theorem 1.1. Let U ⊂ X be p-path open. Then the family Γ of curves γ
in X , for which γ−1(U) is not relatively open, has zero p-modulus, i.e. there exists
ρ ∈ Lp(X) such that ∫
γ
ρ ds =∞ for every γ ∈ Γ.
Assume to start with that U is bounded and let B be a ball containing U .
Define, for x ∈ X ,
u(x) = min
{
1, inf
γ
∫
γ
(ρ+ χB) ds
}
, (4.1)
where χB is the characteristic function of B and the infimum is taken over all
rectifiable curves γ : [0, lγ ] → X (including constant curves) such that γ(0) =
x and γ(lγ) ∈ X \ U . Then u = 0 in X \ U and Lemma 3.1 in Bjo¨rn–Bjo¨rn–
Shanmugalingam [10] (or [4, Lemma 5.25]) shows that u has ρ + χB as an upper
gradient. Since the measure µ is doubling and X is complete and supports a p-
Poincare´ inequality, we can conclude from Theorem 1.11 in Ja¨rvenpa¨a¨–Ja¨rvenpa¨a¨–
Rogovin–Rogovin–Shanmugalingam [20] that u is measurable. As U is assumed to
be bounded and ρ ∈ Lp(X), it follows that u ∈ N1,p(X).
We claim that u > 0 in U , i.e. that U = {x ∈ X : u(x) > 0} is a superlevel set of
a Newtonian function. The assumptions on X guarantee that u is quasicontinuous
(by [10, Theorem 1.1] or [4, Theorem 5.29]), which then directly implies that U is
quasiopen, see Proposition 3.4.
To prove the claim, let x ∈ U and assume for a contradiction that u(x) = 0.
Then there exist curves γj connecting x to X \ U such that∫
γj
(ρ+ χB) ds ≤ 2−j, j = 1, 2, ... . (4.2)
In particular, lγj ≤ 2−j for all j = 1, 2, ... .
We define a curve γ˜ as a recursive concatenation of all γj and their reversed
reparameterizations as follows. Let L0 = 0,
Lj = 2
j∑
i=1
lγi ≤ 2
∞∑
i=1
lγi =: L ≤ 2
∞∑
j=1
2−j = 2
and
γ˜(t) =
{
γj(t− Lj−1), if Lj−1 ≤ t ≤ Lj−1 + lγj , j = 1, 2, ... ,
γj(Lj − t), if Lj−1 + lγj ≤ t ≤ Lj , j = 1, 2, ... .
Then γ˜ : [0, L]→ X , γ˜(L) = x and γ˜(Lj + lγj+1) ∈ X \ U , j = 1, 2, ... . Since x ∈ U
and Lj + lγj+1 → L, as j → ∞, this shows that γ˜−1(U) is not relatively open in
[0, L] and hence γ˜ ∈ Γ. But (4.2) implies that∫
γ˜
ρ ds ≤ 2
∞∑
j=1
∫
γj
(ρ+ χB) ds ≤ 2
∞∑
j=1
2−j = 2,
